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PREFACE

This handbook is a compilation of the theoretical results which have

been obtained in the course of the study of the phase-error and tolerance

effects in microwave antennas under Contract No. AF 30(602).-924 with the

Rome Air Development Center. The material is divided into four major sec.-

tions. In Section I, the radiation characteristics for a rectangular aper-

ture with phase deviations of the linear, step, staircase, quadratic, and

cubic types are presented. For each type of phase deviation, computation

is carried ouu for two different amplitude illumination functions. They

are: (1) Uniform illumination, which is analytically simple and serves as

a convenient reference; and (2) Cps (0.3751x) illumination, which gives a

desirable side-lobe level of approximately -26 db. Section II presents the

radiation characteristics for a circular aperture with phase deviations of

the linear, quadratic, and cubic types. In all figures the radiation pattern

for the respective amplitude illumination function with no phase error is

shown for ready comparison. Important characteristics for the various radi-

ation patterns are also presented in table form. In order to calculate the

far.-zone radiation patterns, it is necessary to correlate the mechanical

deviations in a reflector with the phase and amplitude distributions in an

aperture plane. Analytical formulas for determining the aperture phase and

amplitude distributions for an arbitrary reflector with a point source are.

given in Sections III and IV respectively. Special cases for reflectors with

constant, linear, and exponential deviations are computed and the distribution

curves plotted. Derivations of the formulas are not included in this handbook.

Details of the theoretical aspects of the phase-error and tolerance problem

and results of the experimental investigation conducted in connection with

this study are presented in the final report, S.U.R.I. Report No. EE276.-5614F.

for this contract.
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I. THE RECTANGULAR APERTURE

A. LNTRODUCTION

Radiation patterns and their important characteristics for a rectangular
aperture are presented in this chapter for phase deviations of various types.

Two kinds of amplitude illumination are considered, namely, a uniform illumi-

nation and a cos2 (O.3751(x) illumination. The uniform illumination case is

simple analytically and serves as a convenient reference for comparison pur-

poses. However, it is of little practical interest because the side-lobe

levels of its radiation pattern are too high; the first side lobes are only

2
13.27 db down from the main lobe. The cos (0.375Kx) type of amplitude func.-

tion is chosen to give a side-lobe level of approximately -26 db which is

considered desirable in practice.

There are a number of amplitude illumination functions which, with

proper taper, give first side lobes that are more than 26 db down from the

main-lobe level. Most of the functions (Gable, Cosine-squared, and Gaus.-

sian), however, show larger side lobes beyond the first pair. This is an

undersirable feature. The cosine,-cubed function cos 3 (-) with ll.-db taper

will give first side lobes of about 26 db down and higher-order side lobes

of decreasinj magnitude; but this function introduces extra complication

in subsequent integrating processes. It is therefore necessary to look for

a simple amplitude function that will give 26-db first side lobes and higher-

order side lobes of decreasing magnitude.

2
The function cos nx with n = 0.375A as shown in Fig. 1 satisfies these

requirements. The amplitude is 0.1465 at the edges as compared with 1 at

the center of the aperture. In other words, the taper is 16.68 db.
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Fig. 1 -Cos
2nx Amplitude Function, n 0.375v

With appropriate approximations the normalized radiation-pattern func-

tion in a principal plane for a rectangular aperture with a separable field

distribution can be reduced to
1

g(u)..= f(x) ejux dx

where f(x) is the aperture-field distribution function; x is linear dimen.-

sion normalized with respect to the half,-width a/2 of the aperture; and

u = (na/X) sin 0, 6 being the azimuth angle. Antenna patterns are graphi.

cal plots of the radiation pattern function Ig(u)j. The important char-

acteristics are:

(a) Beam shift .- The direction at which the diffraction field is maximum.

Both the direction and the amount of shift from the z-axis are of

interest.

(b) Magnitude of. the maximum diffraction field - The maximum value of

Ig(u)j, from which the gain of the antenna system may be calculated.

'For details, see D. K. Cheng and R. E. Gildersleeve, Report No. EE276-564F
Final Report for Contract No. AF 3 0(602)-924., Syracuse University Re-
search Institute; 31 January 1956.
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(c) Be.mwidth The widths of the main lobe at the 3--db and the lO.-db

levels (referring to the maximum value in (b)); they define the

sharpness of the main lobe.

(d) gide-lobe levels - The db-levels of side lobes referred to the main

lobe; they have to satisfy certain minimum requirements in practice.,

Generally speaking, the levels of the first side lobes are the most

important, but those of other side lobes should not be disregarded.

The latter may sometimes rise higher than the first pair of side lobes.

(e) Gain factor - The gain factor is defined as the ratio of the maximum

gain of the given antenna with the given, aperture field distribution

(Gm) to that of an antenna of the same aperture area but with a uni.-

form amplitude illumination and a constant phase (G ). The case of
0

uniform amplitude illumination and constant phase is chosen as a

convenient reference because it is known that it gives the: highest

maximum gain:

Go= 2

where A is the area of the aperture. In terms of ratio of powers, the gain

factor can be written as

Gm X2  PifG.F. G A " ax

0  total

It is easy to show that for rectangular apertures the above expression re-

duces to

mx. f(x) e jux dx 2

G .F . -f 2 _x

2 1f(x) d2
-l

The integral in the denominator can be readily calculated when the amplitude

illumination function is given, but the maximum value of the integral in the



numerator cannot be conveniently determined analytically. The latter value

can, however, be read. off from the graphical plot.

Aside from characteristics (a) to (e), the general shape of the pattern

is also of interest. Important characteristics of the radiation patterns

for rectangular apertures with constant phase and the two types of amplitude

illumination considered are tabulated in Table I.

Table 1

Radiation-Pattern Characteristics with Constant Aperture Phase

(Rectangular Aperture)

f(x) = 1 f(x) = cos (O.375Ax)

Max. g(u)j 2.000 1.300

3-db Beamwidth 0.913 1.l14o

10-db Beamwidth i. 48r 1.9 6iT

1st. Side-Lobe Level -13.27db -25.90db

Gain Factor 1.000 o.848

In following sections, the radiation patterns for certain special types

of aperture phase deviation are presented graphically. In each case, the

pattern for the corresponding amplitude illumination without phase deviation

is sketched in for comparison. The important characteristics are collected

and tabulated in Tables 2 to 5-
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S'B. UNIFORM ILLUMINATION

The normalized radiation patterns for a rectangular aperture with uniform

amplitude illumination and phase deviations of the following types are plotted

in this section. (Phase deviations occur in the region 1/2 - xj _l 1 only-

and * represents the maximum error at the edge of the aperture.)

1. Linear Phase Deviation

a. Phase advance on one end (4 = b50 and 900) Fig. 2

b. Antisymmetrical deviation (4 450 and 900) - Fig. 3

c. Symmetrical phase advance (4 = 450 and 90°) - Fig. 4

2. Step Phase Deviation

a. Phase advance on one end (4 = 300, 450, Y60 and 900) - Fig. 5

b. Antisymmetrical deviation (4 = 3 0 0, 450, 600 and 900) - Fig. 6

c. Symmetrical phase advance ( = 30, 450, 600 and 90') - Fig. 7

3. Staircase Phase Deviation (m = No. of steps)

a- Phase advance on one end (4 = 900; m = 4 and 6) Fig. 8

b. Antisymmetrical deviation (4 = 900; m = 4 and 6) - Fig. 9

c. Symmetrical phase advance (4 = 900; m = 4 and 6) - Fig. 10

4.. Quadratic Phase Deviation

a. Phase advance on one end (4 = 450 and 900) - Fig. 11

b. Antisymmetrical deviation (4 450 and 90') - Fig. 12

c. Symmetrical phase advance (4 = 450 and 900 - Fig. 13

5. Cubic Phase Deviation

a. Phase advance on one end (4 = 450 and90°) - Fig. 14

b. Antisymmetrical deviation (4 = 40O and 90') - Fig. 15

c. Symmetrical phase advance (4 450 and 90°) - Fig. 16
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B. UNIFORM ILLUMINATION

The normalized radiation patterns for a rectangular aperture with uniform

amplitude illumination and phase deviations of the following types are plotted

in this section. (Phase deviations occur in the region 1/2 / [xj . 1 only;

and 4 represents the maximum error at the edge of the aperture.)

1. Linear Phase Deviation

a. Phase advance on one end (4 = 450 and 90') Fig. 2 V

b. Antisymmetrical deviation (4 = 150 and 90°) .- Fig. 3

c. Symmetrical phase advance (4 5 = 50 and 90o) - Fig. 41-

2. Step Phase Deviation

a. Phase advance on one end (4 = 300, 450, 6o0 and 90') - Fig. 5

b. Antisymmetrical deviation (1 = 30', 45', 600 and 90') -Fig. 6

c. Symmetrical phase advance (4 = 500, 450, 600 and 900) - Fig. 7

3. Staircase Phase Deviation (m = No. of steps)

a. Phase advance on one end (4 = 900; m = 4 and 6) -Fig. 8

b. Antisymmetrical deviation (4 = 900; m = 4 and 6) - Fig. 9

c. Symmetrical phase advance (1 = 90o; m = 4 and 6) - Fig. 10

114. Quadratic Phase Deviation

a. Phase advance on one end (4 = 050 and 90 ) - Fig. 11

b. Antisymmetrical deviation (4 450 and 900) - Fig. 12

c. Symmetrical phase advance (4 = 450 and 9C0) - Fig. 13

5. Cubic Phase Deviation

a. Phase advance on one end (4 450 and 900) -Fig. 14

b. Antisymmetrical deviation (4 = 150 and 900) - Fig. 15

c. Symmetrical phase advance (5' = 45° and 90°) - Fig. 16
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C. Co s 2 (0o375irx) ILLUMINATION

The normalized radiation patterns for a rectangular aperture with

cosý(.375nx) amplitude illumination and phase devIations of the following

types are plotted in this section. (Phase deviattpns occur in the region

1/2 z I x!K 1 only; and * represents the maximum error at the edge of the

aperture.)

1. Linear Phase Deviation

a. Phase advance on one end (4 = 450 and 900) -Fig. 17

b. Antisymmetrical deviation (4 = 450 and 90') - Fig. 18

c. Symmetrical phase advance (4 = 40 and 900) - Fig. 19

2. Step Phase Deviation

a. Phase advance on one end (41 = 300, 450, 600 and 900) -Fig. 20

b. Antisymmetrical deviation (4 = 30', 45', 600 and 900) - Fig. 21

c. Symmetrical phase advance (4 = 300, 45,0 600 and 900) -Fig. 22

3. Staircase Phase Deviation (m = No. of steps)

a. Phase advance on one end (4 = 900; m 4 and 6) -Fig. 23

b. Antisymmetrical deviation (4 = 900; m = 4 and 6) - Fig. 24

c. Symmetrical phase advance ( 9 = 90; m = 4 and 6) - Fig. 25

I4. Quadratic Phase Deviation

a. Phase advance on one end (4 = 450 and 900) - Fig. 26

b. Antisymmetrical deviution (4 = 45 and 90') - Fig. 27

c. Symmetrical phase advance (4 = 450 and 90°) - Fig. 28

5 Cubic Phase Deviation

a. Phase advance on one end (4 450 and 900) -Fig. 29

b. Antisymmetrical deviation (4 = 45 and 900) - Fig. 30

c. Symmetrical phase advance (4 = 45 and 90') - Fig. 31
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D. TABULATION OF RESULTS

The important characteristics of the radiation patterns for a rectangular

aperture with the different types of phase deviations considered are tabulated

in Tables 2 to 5. Tables 2 and 3 are for the uniform-illumination case; and

Tables 4 and 5 are for an amplitude illumination of the cos2(0.3753tx) type.

Corresponding figure numbers are also given for easy reference.

- I
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II. THE CIRCULAR APERTURE

A. INTRODUCTION

With appropriate approximations the normalized radiation-pattern func-

tion for a circular aperture with a symmetrical field distribution can be

reduced to 1

g(:u) f (P) Jo (up) f dp

where f(p) is the circularly symmetrical aperture field distribution

function; p is radial dimension normalized with respect to the radius

d/2 of the aperture; and u = (-d/A) sin @, @ being the azimuth angle.

The gain factor is expressible as

1

(111aM. If 'f(p) J0 (u.p),pdp

G.F. 20
Jl f(P)J2 ?)dp'

f0

Important characteristics of the radiation patterns for circular aper-

tures with constant phase and uniform and cos 2 (0.3759p) types of amplitude

illumination are tabulated in Table 6.

'For details, see D. K. Cheng and R. E. Gildersleeve, Report No. E276-56I4F
Final Report for Contract No. AF 30(602)-924, Syracuse University Research
Institute; 31 Jaunary 1956.
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Table 6

Radiation-Pattern Characteristics with Constant Aperture Phase

(Circular Aperture)

2f(p) = 1 f(p) = cos (o.3751(p)

Max. Ig(u)J 0.5000 0.2463

3-db Beamwidth 1.027c 1.-241c

10--db Beamwidth 1.73jT 2.13n

Isto Side-Lobe Level --17.58 db -28.00 db

Gain Factor 1.000 0.800

In following sections, the radiation patterns for certain special

types of aperture phase deviation are presented graphically. In each

case, the pattern for the corresponding amplitude illumination without

phase deviation is sketched in for comparison. The important character-

istics are collected and tabulated in Tables 7 and 8.

,I; ('-
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B. UNIFORM ILLUMINATION

The normalized radiation patterns for a circular aperture with uni-

form amplitude illumination and circularly symmetrical phase deviations

of the following types are plotted in this section. (,Phase deviations

occur in the region 1/2 < P 4 1 only; and * represents the maximum error

at the edge of the aperture.)

1. Linear Phase Deviation ( 450 and 900) - Fig, 32

2. Quadratic Phase Deviation (4 = 450 and 900) - Fig. 33

3. Cubic Phase Deviation (4 = 450 and 900) - Fig. 34

4

C :
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2C. Cos (O.3757cE) ILLUMINATION

The normalized radiation patterns for a circular aperture with

cos 2 (O.375yp) amplitude illumination and circularly symmetrical phase

deviations of the following types are plotted in this section. (Phase

deviations occur in the region 1/2 < PL I only; and * represents the

maximum error at the edge of aperture.)

1. Linear Phase Deviation (r =45' and 90') F- ig. 35

2. Quadratic Phase Deviation ( 455 and 90) Fig. 36

3. Cubic Phaspe Deviation (l = 4 5 0 and 9 0 0) - Fig. 37
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D. TABULATION OF RESULTS

The Important characteristics of the radiation patterns for a circular

aperture with the different types of phase deviations considered are tabu-

lated in Tables 7 and 8. Table 7 is for the uniform-illumination case; and

Table 8 is for an amplitude illumination of the cos 2(O.375tp) type. Cor.-

responding figure numbers are also given for easy reference.

2 -

---
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III. DETERMINATION OF APERTURE PHASE DISTRIBUTION

A. INTRODUCTION

The phase distribution in an aperture plane of an arbitrary reflector

due to a point source can be determined by a vector wavefront method. This

method is discussed in detail in the final report of this contract. Using

the following notations:

A = Source vector or vector representing the incident wave-

front

R = Vector representing the reflector surface

B = Vector representing the imaginary wavefront at zero

optical path-length

B =Vector representing the reflected wavefront

A
n = Unit normal at the reflector surface

m = Unit normal at the reflected wavefront

W = Optical path-length from the source to an aperture

plane located at a distance d from the source. All

distances here are normalized with respect to the

focal length f.

it can be proved that the deviation in path-length referred to the center

of the aperture is

1 A(2 + d) A ^l + d B k)1

m k

where

B A+ 2 n~n(-)

A

and k is a unit vector in the direction of the reflector axis. The cor-

responding phase deviation is then (2qf/X),.

It is also necessary to expres-s the coordinates of a point in the aper.-

ture plane (xo, YOI z0 ) in terms of those for the corresponding point (x,yz)
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on the reflector. This can be done by first finding the coordinates of

the point(xl yl, Zl) by the above formula for Bi and recognizing that

xo = Xl + min (1 + d .- z)

A A
m °k

Yo Yl + " (I1 + d ,-zl
m •k

z= 1 + d

The vector R representing the reflector surface may be given in parametric

form in terms of two parameters s and t. Given any set ,of values s and t, the

path,-length deviation Sat the corresponding point in the aperture plane ca

be found.

A more direct formula for 5-, which circumvents the necessity of finding

the reflected wavefront Bi first, is1

(�=�)t�•�)(n L - o(R,-')1- d/2
2• -2 ( d)[+

The above equation applies when the primary source lies on the reflector axis.

If the source is at the focus, the normalized A1j would be unity. A positive

indicates a phase advance and a negative 6 represents a phase lag with re-

spect to the center of the aperture.

In the following section, aperture phase distributions for paraboloidal

reflectors with several special types of circularly symmetrical mechanical

deviations are presented graphically; analytical expressions are given in the

Final Report.

1D. K. Cheng and P. Grusauskas, "Determination of Aperture Phase Errors in
Microwave Reflectors," Journal of Franklin Institute, Vol. 260, p. 99;

August 1955.
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B. SPIMIAJL CASES

Using the formulas listed in the preceding section, the phase distri-

bution curves in an aperture plane which is at a distance from the apex of

the reflector equal to twice the focal length are computed and plotted for

several special types of reflector deviation. In all cases, the reflector

deviation is assumed to be circularly symmetrical so that it is possible

to set t 0 and examine the relationship in the xz-plane.

d = Normalized distance of aperture plane from focal

point = 1

D = Normalized diameter of reflector = 2

1. Constant Reflector Deviation - Fig. 38

R = si + 4+ p u(s - sa k

where U(s Sa ) is a unit step-function which equals 0 for s -< s a and

Saa
1lfor s s a-

Cases computed. p = + 0.01 s a = 0.5

•I ;Cases computed: p = + 0.05 , sa = 0.59

p =- 0.01, 5a = 0.3

3. Exponential Reflector Deviation - Fig. 9 0

S+ '+ + -

Cases Computed: p = + 0.05, sa = 0.59

p = -0.025, a = 0.45

a

The values of p and sa in each case were chosen such that the resulting phase

deviation curve would approximate the distribution function used in the theo-

retical radiation-pattern analysis.
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IV. DETERMINATION OF APERTURE AMPLITUDE DISTRIBUTION

A. INTRODUCTION .

Three approximation techniques are available for determining the ampli-

tude distribution of the field in an aperture plane located at a given dis'-

tance from a reflector of an arbitrary shape, namely, the geometrical optics

method, the current distribution method and the aperture-field method. All

three methods assume that the radii of curvature of the reflector and of the

incident wavefront be large compared with the wavelength so that Snell's laws

of reflection apply. When secondary effects such as the reaction of the re-

flector on the primary source are not of primary concern, deviations from

geometrical propagation of the scattered field due to diffraction are small.

The deviations become smaller as the wavelength gets shorter or as the dimen-

sions of the reflector aperture become larger in comparison.

Based upon the geometrical optics approach, the following expression

relatingthe electric field intensities lErI and lEbI at corresponding points

on the reflector and in space separated by a distance b is obtained:

R Rop•cos i

Z jR( sin 2e
2 (0)b cos i - 21 + sin 2e 2 ) + ? It

____ ___ ___ ____ ___ ___ ___ ____ ___ ___ __- 1/2

2) 2

point P under consideration.

61 e = Angles made by the line joining point P and the

primary source with the principal axes of the

reflector at P.

R = Distance from the primary source to P.

i = Angle of incidence.
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This expression can be written as

R

Ebl IErl A

where DA will be called the amplitude distribution factor.

In the following section, amplitude distribution factors in an aperture

plane of paraboloidal reflectors with several special types of circularly

symmetrical mechanical deviations are presented graphically. The mechanical

deviations have been chosen to be of the same types and of the same magni-

tudes as those used for aperture phase calculations.

IJ
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B. SPECIAL CASES

Using the formula of the preceding section, the amplitude distribution

factors in an aperture plane which is at a distance from the apex of the

reflector equal to twice the focal length are computed and plotted for the

same types of reflector deviation as listed in Section III-B. In all cases,

the reflector deviation is assumed to be circularly symmetrical.

d=l , D=2

1. Constant Reflector Deviation -Figs. 41 and 42

Cases computed: p = + 0.01 sa = 0.5 (Fig. 41)

p - 0.01 , s = 0.5 (Fig. 42)
a ;

2. Linear Reflector Deviation - Figs. 43 and 44

Cases computed: p = + 0.05 • sa = 0.59 (Fig. 43)

p = -0.04 sa = 0.43 (Fig. 44)

3. Exponential Reflector Deviation - Figs. 45 and 46

Cases computed: p = + 0.05 ' sa 0°59 (Fig. 45)

p = -0.025 , s= 0.45 (Fig. 46)

It is noted that for som= types of reflector deviation (p> 0 for

constant type, p< 0 for linear a.d exponential types) the aperture phase

in the deviated region lags and the amplitude distribution factor is for

the most part greater than unity; there also exists a region of no radi-

ation. For other types of reflector deviation (p< 0 for constant type,

p> 0 for linear and exponential types) the aperture phase in the deviated

region leads and the amplitude distribution factor is for the most part

less than unity; there exists a region of overlapping rays. Combination

of the contributions from the deviated and undeviated portions of the re-

flector in the overlapping region should take both amplitude and phase

relationships into consideration.
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